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Сomputing Characteristics of One Class of  Non-commutative 
Hypercomplex Number Systems of 4-dimension 
 The class of non-commutative hypercomplex number systems (HNS) of 4-
dimension constructed by using of non-commutative procedure of Grassman-
Clifford doubling of 2-dimensional systems is investigated in the article. All HNS of 
this class are constructed, algorithms of performance of operations  and methods of 
algebraic characteristics calculation in them, such as conjugation, normalization, a 
type of zero dividers are investigated. Formulas of exponential functions 
representation in these systems are displayed. 
Key words: quaternion, hypercomplex number system, Grassman-Clifford 
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Introduction 
The system of complex numbers which was opened in XVI century by Italian 
mathematicians D. Cardano and R. Bombeli, is widely used in science and technology and to this 
day is one of the main mathematical apparatuses for many theories and appendices. It, in turn, 
stimulated researches in search of greater dimensional number systems which would allow to solve 
so effectively not only problems on the plane, but also on three-dimensional and higher dimensions. 
For a long time such systems could not build. As it became clear later, these attempts were 
unsuccessful because researchers tried to receive systems with the same properties of real R  and 
complex C  numbers as commutativity, associativity and lack of zero divisors. By the way, it 
should be noted, there are not the same properties in complex numbers as in real ones - they can not 
be linearly arranged. 
And only V. R. Hamilton managed to construct such  number system of fourth dimension 
which possesses properties of division and associativity, but is non-commutative. It is about the 
quaternion system H , for the first time presented by V.R. Hamilton in 1844 in work [1]. 
The quaternion system H  found broad application in many scientific directions: in 
mechanics of a solid body for the rotation description in space, at the solution of problems of 
navigation, orientation and movement management; in computer animation, research of 
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deformation of elastic designs, filtration of color images, cryptography and others. Which are 
possible to examine in work [2] in more detail. 
Due to the above, it is advisable to investigate others non-commutative hypercomplex 
number systems (HNS) of  fourth dimension. In principle, there are many such HNS. As to study all 
systems is very difficult, it is expedient to investigate separate classes of such HNS. Because 
quaternions H  are a product of non-commutative doubling by means of Grassman-Clifford 
procedure of system of complex numbers C  by the same system of complex numbers, authors 
decided to be limited by the class GChS of the fourth dimension, received by a way of non-
commutative doubling of main HNS of second dimension by means of Grassman-Clifford 
procedure: the complex  - C , double  - W and dual - D  systems. 
This work is devoted to research of arithmetic and algebraic operations and procedures in a 
class of such HNS and creation of exponential functions. 
 
Procedures of HNS doubling 
Recurrent procedures of HNS doubling allow to build ranks of higher dimensions HNS. 
There are two types of procedures of doubling:  Keli-Dixon procedure  (CD-procedure) and 
Grassman-Clifford (GC-procedure) procedure. 
The CD-procedure allows to build normed HNS of n2 -dimensions, where ∈n N  - an order 
of doubling [3–8]. If 4≥n we receive only nonassociative HNS.  
GC-procedure allows to receive HNS which have more opportunities such as for dimension 
and properties [3, 5, 9]. 
We will consider  the GC-procedure of doubling in more detail because it will be widely 
used further in this work. 
We introduce following designations. In more general case we will designate of HNS as: 
( )neH , , where },...,{ 1 neee = – basis, and n  – dimension of HNS. 
In the case, when we speak  about concrete type of HNS,  it will be denoted by name of its 
type as, for example, the system of complex numbers C )(e . Here dimension may be omitted, as it 
is known from the type of HNS. But the identifier of basis e  should be given because doubling can 
consider two HNS of one type, but their bases should be distinguished among themselves. 
We will designate doubling of system ( )meH ,1  by system ( )2,2 fH  by using non-
commutative GC procedure, as follows: 
( ) ( )( ) ( )mgHfHmeHD 2,2,,, 321 = , 
where D  – operator of doubling, and m2  – dimension of HNS 3H , which is the result of doubling. 
m2  basis elements g  will be all kinds of products of elements of bases e  and f : 
},...,,,{ 2122111 fefefefeg m= . 
 
Cayley table consists of products of basis elements whose values reflect the specific 
properties of HNS. 
 
 
Definition of researched class of HNS 
The class of non-commutative HNS of the fourth dimension, investigated in this work, 
consists of non-commutative doublings of HNS of the second dimension using GC procedure. 
The basis of such HNS consists of four elements 
},,,{},,,{ 221221114321 fefefefeggggg == . 
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Certainly, the two-character elements can be replaced by one-character elements with 
indexes. But it will be made later as at this stage it is appropriate to use the two-character elements. 
Investigated class of HNS will be determined by the following conditions: 
1. Elements of bases 1e  and 1f  - unit elements of their systems; 
2. Elements of Cayley table of HNS g are products in form: 
rtsjki fefegg = , whose 
values can be calculated by switching multipliers and using Cayley tables of HNS which 
are doubling; thus we will consider that 1e  and 1f  commutative with 2e  and 2f , that is 
21121221 , effeeffe == , and the last are non-commutative among themselves, that is 
2222 effe −= . 
For example: 
1111111111111 gfeffeefefegg ==== ; 
2211211112112 gfeffeefefegg ==== ; 
4221221122132 gfeffeefefegg −=−=−== ; 
2212211212122 ffeffeefefegg === ; 
2222222244 ffeefefegg −== . 
The last two examples of elements of the Cayley table can be finished only for concrete 
HNS which are doubling. 
3. Elements of the  Cayley table, which are under the main diagonal, but not in the first 
column, are opposite for elements symmetric with respect to the main diagonal, that is 
433442243223 ;; gggggggggggg −=−=−= . 
Given these conditions, the generalized Cayley table for HNS of investigated class will be as 
follows: 
  
222222222244
222122433
222422122
43211
4321
ffeefeeffegg
feefeeggg
ffegffegg
ggggg
gggg
−−
−−   (1) 
As it is known [3,9,10] there are three isomorphisms classes of HNS of second dimension. 
We will choose from these classes one representatives: the system of complex numbers C ,  the 
system of double numbers W  and the system of dual numbers D . 
As shown in the work [9], the first two operands in the operator of doubling can be 
commutative, as received Cayley tables differ only by order of lines and columns, that's why they 
are isomorphic. 
Taking it into account, studied class HNS consists of six representatives classes of 
isomorphism: 
1. (D C ,C , )4  = H  – quaternion system; 
2. (D C ,W , )4  = AH  –  antiquaternion system; 
3. (D C , D , )4 = (D C , D , )4 ; 
4. (D W ,W , )4 ; 
5. (D D , D , )4 ; 
6. (D W , D , )4 = (D D ,W , )4 ; 
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Cayley tables of HNS of fourth dimension 
Cayley tables of the above six classes of isomorphisms can be easily obtained by 
substituting in (1) the basic elements of the complex – C , double – W  and dual numbers –  D , 
respectively 
Having executed this algorithm for each of six cases, we will receive table 1 
 
Table 1 
Cayley tables of hypercomplex number systems of fourth dimension 
№ Designation Cayley table 
1. H = (D C ,C , )4  
12344
21433
34122
43211
4321
eeeее
eeеее
eеeее
еееее
ееееН
−−
−−
−−  
2. AH = (D C ,W , )4  
12344
21433
34122
43211
4321
eeeее
eeеее
eеeее
еееее
ееееАН
−−
−−  
3. (D C , D , )4  
00
00
,4),(
344
433
34122
43211
4321
eее
еее
eеeее
еееее
ееееDСD
−
−−  
4. (D W ,W , )4  
12344
21433
34122
43211
4321,4),(
eеeее
еeеее
eеeее
еееее
ееееWWD
−−
−−
 
5. (D D , D , )4  
000
00
00
,4),(
44
433
422
43211
4321
ее
еее
еее
еееее
ееееDDD
−
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6. (D W , D , )4  
00
00
,4),(
344
433
34122
43211
4321
еее
еее
еееее
еееее
ееееDWD
−
−
 
 
We will designate numbers of each of these systems as. 
 44332211 eaeaeaeaw +++= ,  (2) 
where: Rai ∈ . 
 
Addition and multiplication operations 
In these systems are entered addition and multiplication operations as follows: 
The number 3w : 444333222111213 )()()()( ebaebaebaebawww +++++++=+=   
is called the sum of two numbers 443322111 eaeaeaeaw +++=  and 443322112 ebebebebw +++=  for 
all systems from table 1. 
As for the product, for each of systems it will have other appearance because depends on 
Cayley table in considered hypercomplex number system. The product of two elements of each of 
the systems we present in Table 2. 
 
Table 2. 
Rules of multiplication 
№ HNS Rule of multiplication 
1. H  
 
423321441324421331
23443122114433221121
)()(           
)()(
ebabababaebabababa
ebabababaebabababaww
−++++−++
+−+++−−−=
 
2. AH  
 
423321441324421331
23443122114433221121
)()(           
)()(
ebabababaebabababa
ebabababaebabababaww
−++++−++
++−++++−=
 
3. (D C , D , )4  
 
423321441324421331
212211221121
)()(          
)()(
ebabababaebabababa
ebabaebabaww
−++++−++
+++−=
 
4. (D W ,W , )4  
 
423321441324421331
23443122114433221121
)()(          
)()(
ebabababaebabababa
ebabababaebabababaww
−+++−+++
++−++−++=
 
5. (D D , D , )4  
 
42332144131331
2122111121
)()(            
)(
ebabababaebaba
ebabaebaww
−+++++
+++=
 
6. (D W , D , )4  
 
423321441324421331
212211221121
)()(           
)()(
ebabababaebabababa
ebabaebabaww
−+++−+++
++++=
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According to rules of addition and multiplication it is possible to mark out their main 
properties: 
1) addition operation is commutative: 
1221 wwww +=+ ;
 
2) addition operation is associative: 
( ) ( )321321 wwwwww ++=++ ;
 
3) multiplication operation is noncommutative: 
 1221 wwww ≠ .   (3) 
We will prove, for example, for system (D C , D , )4 , really: 
( )( )
( ) ( )
( ) ( ) 414233241324134231
2122112211
443322114433221121
         
         
ebabababaebabababa
ebabaebaba
ebebebebeaeaeaeaww
+−++++−+
+++−=
=++++++=
, 
but opposite order is such as: 
( )( )
( ) ( )
( ) ( )
( ) ( )
( ) ( ) 21414233241324134231
2122112211
414233241324134231
2122112211
443322114433221112
          
          
          
          
wwebabababaebabababa
ebabaebaba
eababababeabababab
eababeabab
eaeaeaeaebebebebww
≠++−+−+++
+++−=
=+−++++−+
+++−=
=++++++=
 
 
That  is carried out (3). 
For other systems the proof is similar. 
4) multiplication operation is associative: 
( ) ( ) 321321 wwwwww = . 
It can be proved directly, using table 2. 
5) In the same way it is possible to prove the distributivity: 
( ) 3121321 wwwwwww +=+ ; 
6) for each system is determined action of multiplication by a scalar Rk ∈ , 
443322111 ekaekaekaekakw +++= ; 
7) for Rk,k ∈∀ 21  is performed ( )( ) ( )21212211 wwkkwkwk = . 
 
Norm definition 
In the work [12] the norm of hypercomplex number generally is determined by a formula 
 
( ) i
n
i
k
ij awN ∑
=
=
1
γ ,   (4) 
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where kijγ - structural constants of hypercomplex number system of, which are defined from table 1. 
On this basis the norm of matrix is constructed [12]. 
For system (D W ,W , )4  the matrix of norm will have an appearance 
 
 
( )
1234
2143
3412
4321
aaaa
aaaa
aaaa
aaaa
wN
−
−
−
−
= .  (5) 
 
Having calculated the determinant of matrix (8) we will receive norm of hypercomplex 
number  w : 
 ( ) ( )224232221 aaaawN +−−= .  (6) 
 
By analogy to the theory of quaternions we will call a root of the norm a pseudonorm of 
hypercomplex number (6), which will be denoted as ( )wN : 
 
 
( ) 24232221 aaaawN +−−= .  (7) 
 
For other hypercomplex number systems the norm is determined by the same algorithm. It 
should be noted that for each of these systems the matrix of norm will have other appearance, and 
according to it is differ pseudonorm representations that it is possible to see from table 3. 
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Table 3 
 
Pseudonorm 
№ HNS Matrix of norm Pseudonorm 
1. H  
 
( )
1234
2143
3412
4321
aaaa
aaaa
aaaa
aaaa
wN
−
−
−
−−−
=  
 
( ) 24232221 aaaawN +++=  
2. AH  
 
( )
1234
2143
3412
4321
aaaa
aaaa
aaaa
aaaa
wN
−
−
−
−
=  
 
( ) 24232221 aaaawN −−+=  
3. (D C , D , )4  
 
( )
1234
2143
12
21
00
00
aaaa
aaaa
aa
aa
wN
−
−
−
=  
 
( ) 2221 aawN +=  
4. (D W ,W , )4  
 
( )
1234
2143
3412
4321
aaaa
aaaa
aaaa
aaaa
wN
−
−
−
−
=  
 
( ) 24232221 aaaawN +−−=  
5. (D D , D , )4  
 
( )
1234
13
12
1
00
00
000
aaaa
aa
aa
a
wN
−
=  
 
( ) 21awN =  
6. (D W , D , )4  
 
( )
1234
2143
12
21
00
00
aaaa
aaaa
aa
aa
wN
−
−
=  
 
( ) 2221 aawN −=  
Apparently from table 3, in some systems the pseudonorm can be negative. It is possible to 
show that the pseudonorm entered by such method is multiplicative for each of considered systems, 
i.e. equality is carried out: 
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 ( ) ( ) ( )2121 wNwNwwN = .  (8) 
 
Definition and characteristics of conjugate numbers 
Let we have any number 44332211 eaeaeaeaw +++= , conjugate to it we designate 
44332211 ebebebebw +++= , where 4321    , b,b,bb  – unknown coefficients. 
As is offered in [12], definition of conjugate is entered on the basis of equality 
 ( )wNww = ,   (9) 
Substituting introduced notation and using Table 2, and equating coefficients of the same 
basic elements we obtain a linear algebraic system with respect to variables 4321  , , , bbbb . 
For hypercomplex number system (D D , D , )4 , for example, this linear algebraic system 
is 
 







=−++
=+
=+
=
0
0
0
23321441
1331
1221
2
111
babababa
baba
baba
aba
,            (10) 
which solutions have the form: 
 44332211    ab,ab,ab,ab −=−=−== .            (11) 
Therefore, if the original number 44332211 eaeaeaeaw +++= , that the conjugate 
number to it has view: 
 44332211 eaeaeaeaw −−−= .           (12) 
In spite of the fact that for each of the systems given in table 1, the linear algebraic system 
(10) will have other appearance, representation of the interfaced number for each case will have an 
appearance (12). 
 
We will define some properties of conjugate numbers. 
1) the sum and the product of conjugate numbers are real numbers; 
2) the conjugate of the sum is the sum of conjugated 2121 wwww +=+ ; 
3) the conjugate of the product is the product of conjugated 2121 wwww = , which can be 
verified directly. 
 
Zero divisors and their properties 
Not equal to zero hypercomplex number 01 ≠w  is called as zero divider if there is such 
hypercomplex number 02 ≠w , that their product is equal to zero 021 =ww , and it means the same 
ratio between their pseudonorm: 
( ) 021 =wwN .              (13) 
On the basis of (8) pseudonorm of a divider of zero is  equal to zero 
 
( ) 01 =wN .          (14) 
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From (14) follows the signs of zero divisor in any hypercomplex number system, considered 
systems (except system of quaternions for which according to Frobenius's theorem there are no zero 
divisors), which we will give in table 4 
Table 4 
 
Signs of zero divisor 
№ HNS Sign of zero divisor 
1. H  ─ 
2. AH  24232221 aaaa +=+  
3. (D C , D , )4  021 == aa  
4. (D W ,W , )4  22232421 aaaa +=+  
5. (D D , D , )4  01 =a  
6. (D W , D , )4  21 aa ±=  
 
 
Division operation 
The share from the left division of hypercomplex number 1w  into hypercomplex number 2w  
is the solution of the equation 
 12 wxw =            (15) 
To solve the equation (15) it is necessary to multiply its both parts at the left at first on 2w , 
and then on 2
2
1
w
, where 022 ≠w . We will receive 
 122
2
1
ww
w
xl = .         (16) 
Direct substitution of (16) in the equation (15) we find out that this expression is the 
solution of this equation. 
We introduce the right division on the basis the equation 
 12 wxw = ,           (17) 
from where 
 212
2
1
ww
w
xr = .            (18) 
Since, we review non-commutatuve systems that the product of numbers depends on the 
order of the factors, then rl xx ≠ . Thus, the solution of the equation (15) is called the left share, and 
the equation (17) - the right share [9]. 
It should be noted that the operation of division, unlike the fields of real and complex 
numbers, not possible, not only by zero but also by zero divisors in this systems. 
 
The principle of  constructing exponential representation of hypercomplex variable by 
using of the associated system of differential equations 
This method consists in the following [12]. 
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Representation of exponent in the system ( )neH ,
 
of numbers ( )neHМ ,∈  is a particular 
solution of hypercomplex linear differential  
 MХХ =
.
,            (19) 
with the initial condition ( ) 10 eExp = .            (20) 
For creation of the solution of hypercomplex linear differential equation (19) we will present 
it in a vector-matrix form. Thus  
 ( )r
п
ххХ ɺɺ ,...,1
.
= ,            (21) 
and the vector column MХ  received from hypercomplex numbers MХ , it is possible to present in 
the matrix form of some matrix M  of the dimension nn ×  which elements are linear 
combinations of component hypercomplex numbers M , on a vector column Х : 
 ХМMХ = .           (22) 
Then the hypercomplex equations (19) can be presented in the form of the associated system 
of n  linear differential equations of the first order: 
 ХMХ =
.
.         (23) 
Further it is necessary to find characteristic values ïλλ ,...,1  of a matrix M , that is to solve 
the characteristic equation  
 0=− ЕM λ .            (24) 
Thus, characteristic values ïλλ ,...,1  will depend on hypercomplex number M . 
Further it is necessary to construct the common decision which depends on 2n  arbitrary 
constants, from them ïn −2  are linear and dependent on n  of arbitrary variables. For obtaining 
these linear dependences it is necessary to solve the system of linear equations then it is possible to 
receive the common decision (21) which depends on n  arbitrary constants - ( )nCCtХ ,...,, 1 . Value 
of arbitrary constants are establish by using an entry condition (20). Components of decision vector 
column Х  also will be components of exponent of hypercomplex number M :  
 
( ) ∑
=
=
n
i
iiexMExp
1
.           (25) 
At creation of representation of exponent for each of considered hypercomplex number 
systems it was revealed that in some of them exponent representation includes three cases, and in 
some - one. We will give examples. 
 Construction of exponent representation of variable from system (D W ,W , )4  
According to the algorithm given in the previous point, we will consider four-dimensional 
number system (D W ,W , )4 . We will build exponent representations of number ∈М  
(D W ,W , )4  in it. 
The equation (19) can be rewritten in a form 
 
MX
dt
dX
=
.           (26) 
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We calculate the right side of equation (26). According to the multiplication table for these 
numbers we have: 
 
( )44332211 ememememM +++= , ( )44332211 exexexexX +++=  
 
( )( )
( ) ( )
( ) ( ) 414233241324134231
234431221144332211
4433221144332211
      
      
exmxmxmxmexmxmxmxm
exmxmxmxmexmxmxmxm
exexexexememememMX
+−++−+++
++−++−+=
=++++++=
,          (27) 
According to (27), equation (26) will have the form: 
 
( ) ( )
( ) ( ) 414233241324134231
234431221144332211
      exmxmxmxmexmxmxmxm
exmxmxmxmexmxmxmxm
dt
dX
+−++−+++
++−++−+=
          (28) 
From here it is possible to write down the associated system: 
 











++−=
++−=
−++=
−++=
41322314
4
42312413
3
43342112
2
44332211
1
xmxmxmxm
dt
dx
xmxmxmxm
dt
dx
xmxmxmxm
dt
dx
xmxmxmxm
dt
dx
           (29) 
For solution of the equation (29) it is necessary to find roots of the characteristic equation 
(24), 
where 














−
−
−
=
1234
2143
3412
4321
mmmm
mmmm
mmmm
mmmm
M
, Е  – single matrix. 
 
Taking into account the aforesaid, the characteristic equation will have the form: 
 
0
1234
2143
3412
4321
=
−−
−−
−−
−
λ
λ
λ
λ
mmmm
mmmm
mmmm
mmmm
.           (30) 
Having calculated the equation (30), we will receive the following equation: 
 
( )( ) 0224232221 =+−−− mmmm λ .            (31) 
With (31) it is easy to find characteristic values 
 
2
4
2
3
2
214,3,2,1 mmmm −+±=λ ,            (32) 
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as we see, they can be different depending on what sign has a radical expression. We will consider 
special cases: 
1) 0242322 <−+ mmm  
We will introduce designations: 
 
2
4
2
3
2
2 mmmm −+= .           (33) 
In this case, we will have multiple complex-conjugate roots of the characteristic equation, 
ie,: 
2
3
2
2
2
414,3,2,1 mmmim −−±=λ . 
For convenience we will introduce one more designation: 
 
2
3
2
2
2
4 mmmm −−= .           (34) 
Then roots of the characteristic equation (30) will have the form: 
 
mim ±= 14,3,2,1λ .           (35) 
According to (35) solution of system (29) will sought in the following form: 
 
( ) ( ) ( ) ( ) ( )( ) 4,...,1 ,coscos1 =+++= ktmtDCtmtBAetX kkkktmk .           (36) 
We calculate the first derivative 
 
( ) ( ) ( )(
( ) ( ) 4,...,1 ,sin            
cos
11
11
1
=++−++
+++++=
ktmtBmDmAmDCm
tmtDmBmCmBAme
dt
tdX
kkkkk
kkkkk
tmk
            (37) 
If we substitute equalities (36) and (37) in the associated system (29) and use a method of 
indeterminate coefficients we will receive the system of 16 equations with 16 unknown which can 
be reduced to a vector-matrix system by introducing the following designations:: 
0
0
0
0
234
243
342
432
mmm
mmm
mmm
mmm
Q
−
−
−
−
= ,   
4
3
2
1
A
A
A
A
A = ,   
4
3
2
1
B
B
B
B
B = ,   
4
3
2
1
C
C
C
C
C = ,   
4
3
2
1
D
D
D
D
D =  
The matrix Q  possesses such property: 
 
EmQQ
2
−= ,            (38) 
where E  – single matrix. 
Having used such designations, the vector-matrix system will have the form: 
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







=−
=+−
=
=+
DQBm
CQDAm
BQDm
AQCmB
           (39) 
If the 4th equation is multiplied by a matrix Q, then DQQBQm =− , if to use a relation (38) 
and cut back on m , we will receive the 2nd equation. It means that the 2nd and 4th equation are 
linearly dependent, of the 2nd equation we will express D  through B : BQ
m
D 1=
 and will 
substitute it in the 3rd, we will multiply the 1st equation at the left by Q. Taking into account (43) 
we will receive the following system: 
 





=+−
=+
CQQB
m
Am
AQQCQmBQ
1  
The sum of the equations of this system will give us the equation 02 =BQ  from which 
follows , 
 
0== DB
           (40) 
that is 
 
0
0
0
0
=B
, 
0
0
0
0
=D
.   
 
Then, if we substitute (40) in the 1st equation of system (39), we will receive 
 
A
 – arbitrary constant, AQ
m
C 1=
.          (41) 
Taking into account (40) and (41), (36) will have a vector-matrix appearance: 
 
( ) ( ) ( )





+= tmAQ
m
tmAetX tm sin1cos1
.            (42) 
This expression includes an arbitrary column vector consisting of 4 constants of integration. 
For their determination we use the initial condition,  i.e. we will consider a reference point of t=0, 
K=0. 
Substitution of these values in a row for exponent gives
 
( ) 4321 00010 eeeeExp ⋅+⋅+⋅+⋅= ,           (43) 
that is, must be: 
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( )
0
0
0
1
0 =X
.              (44) 
Substituting (44) into (36), we have:  
 
11 =A , 02 =A , 03 =A , 04 =A .           (45) 
Solution of the system can be obtained if to substitute values 1A , 2A , 3A , 4A  into (36): 
 
( )
( )
( )
( )









=
=
=
=
tm
m
m
ex
tm
m
m
ex
tm
m
m
ex
tmex
tm
tm
tm
tm
sin
sin
sin
cos
4
4
3
3
2
2
1
1
1
1
1
.            (46) 
By means of the common solutions it is possible to write down exponential function of 
variable from system (D W ,W , )4 , if to accept ii mtm ≈  
( ) ( )
( )










++
−+
−+
−−+=
=








+++⋅=
4433222
4
2
3
2
2
2
4
2
3
2
2
1
2
4
2
3
2
2
4433221
sin
cos
sin
cos
1
1
ememem
mmm
mmmii
emmmie
ememem
m
m
emeMExp
m
m
 
Using communications of trigonometrical functions with the hyperbolic we can write down 
 
( ) ( ) .2423222
4
2
3
2
2
443322
1
2
4
2
3
2
2
1










−+
−+
++
+−+= mmmsh
mmm
ememem
emmmcheMExp m
      (47) 
 
2) 0242322 >−+ mmm  
In this case we will have two multiple valid roots: 
 
mm ±= 14,3,2,1λ .            (48) 
The solution of system (29) is looked for in such form: 
 
( ) ( ) ( ) ( ) ( )
( ) ( )( ) 4,...,1 ,        1
11
=+++=
=+++=
−
−+
ktDCetBAee
tDCetBAetX
kk
tm
kk
tmtm
kk
tmm
kk
tmm
k
            (49) 
We calculate the first derivative: 
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( ) ( )( )( ) ( )( )( )( ) 4,...,1 ,111 =+−+++++= − kDmmtDCeBmmtBAeedt tdX kkktmkkktmtmk     (50) 
Similarly as in the first case, we will substitute equalities (49) and (50) in the associated 
system (29) and use a method of undefined coefficients. As a result we will receive system of 16 
equations with 16 unknowns, 





























++−=−
++−=+−
++−=+
++−=++
++−=−
++−=+−
++−=+
++−=++
−++=−
−++=+−
−++=+
−++=++
−++=−
−++=+−
−++=+
−++=++
41322314441
413223144441
41322314441
413223144441
42312413331
423124133331
42312413331
423124133331
43342112221
433421122221
43342112221
433421122221
44332211111
443322111111
44332211111
443322111111
DmDmDmDmDmDm
CmCmCmCmDCmCm
BmBmBmBmBmBm
AmAmAmAmBAmAm
DmDmDmDmDmDm
CmCmCmCmDCmCm
BmBmBmBmBmBm
AmAmAmAmBAmAm
DmDmDmDmDmDm
CmCmCmCmDCmCm
BmBmBmBmBmBm
AmAmAmAmBAmAm
DmDmDmDmDmDm
CmCmCmCmDCmCm
BmBmBmBmBmBm
AmAmAmAmBAmAm
, 
 
having solve which we will have such common decisions: 
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( )
( )
( )
( )
( ) ( )
( ) ( )

















+=
+=








−
−
−
−
−
−+
+







−
+
+
−
+
−=








−
−
+
−
−
+
+







−
+
+
−
+
−=
−+
−+
−
+
−
+
444
333
42
3
2
4
423
32
3
2
4
432
42
3
2
4
423
32
3
2
4
324
2
42
3
2
4
432
32
3
2
4
423
42
3
2
4
324
32
3
2
4
423
1
11
11
1
1
1
1
     
     
CeAex
CeAex
C
mm
mmmmC
mm
mmmm
e
A
mm
mmmmA
mm
mmmm
ex
C
mm
mmmmC
mm
mmmm
e
A
mm
mmmmA
mm
mmmm
ex
tmmtmm
tmmtmm
tmm
tmm
tmm
tmm
           (51) 
 
To find the values of arbitrary constants we use equation (43) and we will obtain 
m
mA
m
mA
m
mA
A
4
4
3
3
2
2
1
2
1
2
1
2
1
2
1
=
=
=
=
, 
m
mC
m
mC
m
mC
C
4
4
3
3
2
2
1
2
1
2
1
2
1
2
1
−=
−=
−=
=
, 
0
0
0
0
4
3
2
1
=
=
=
=
B
B
B
B
, 
0
0
0
0
4
3
2
1
=
=
=
=
D
D
D
D
, 
That is, it is possible to write down exponential function of variable from system 
(D W ,W , )4 , if to accept ii mtm ≈  
( )








++
−+
−+
+−+= 4433222
4
2
3
2
2
2
4
2
3
2
22
4
2
3
2
2
1)( ememem
mmm
mmmsh
mmmcheMExp m
       (52) 
As we consider the case when radical expression is greater than zero, we can rewrite (52) as 
( )










++
−+
−+
+−+= 4433222
4
2
3
2
2
2
4
2
3
2
22
4
2
3
2
2
1)( ememem
mmm
mmmsh
mmmcheMExp m
    (53) 
 
3) 0242322 =−+ mmm  
In this case, we will have one multiple real root: 
 14321 m,,, =λ .           (54) 
Given (54), the solution of the associated system (29) is looked for in such form: 
 
( ) ( ) 4,...,1 ,321 =+++= ktDtCtBAetX kkkktmk            (55) 
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We calculate the first derivative: 
( ) ( ) ( )( ) 4,...,1 ,32 3121111 =++++++= ktDmtDCmtCBmBAmedt
tdX
kkkkkkk
tmk
          (56) 
Again, similarly as in previous cases, we will substitute equalities (55) and (56) in the 
associated system (29) and use a method of undefined coefficients. As a result we will receive 
system of 16 equations with 16 unknowns, having solve which we will have such common 
decisions. 
 
( )
( )










+=
+=














+−++−+−=














+−++−+−=
tCAex
tCAex
tB
m
mB
m
mB
m
mB
m
mA
m
mA
m
m
ex
tB
m
mB
m
mB
m
mB
m
mA
m
mA
m
m
ex
tm
tm
tm
tm
444
333
4
2
4
3
2
3
42
2
3
32
2
4
4
2
4
3
2
3
2
4
2
3
3
2
4
42
2
4
32
2
3
4
2
3
3
2
4
1
1
1
1
1
         (57) 
To find the values of arbitrary constants we use equation (43) and we will obtain: 
 
0
0
0
1
4
3
2
1
=
=
=
=
A
A
A
A
, 
44
33
22
1 0
mB
mB
mB
B
=
=
=
=
, 
0
0
0
0
4
3
2
1
=
=
=
=
C
C
C
C
, 
0
0
0
0
4
3
2
1
=
=
=
=
D
D
D
D
. 
Thus, the representation of exponent will have the form: 
 
( ) ( )44332211 emememeeMExp m +++=             (58) 
Having compared the received results (47), (53) and (58), we see that representation of 
exponent for the two first cases are coincides. If to direct on them a radicand of equality (32) to 
zero, we will receive representation of exponent for the third case. 
Construction of exponent representation of variable from system (D D , D , )4  
In this case we will consider system of numbers as (D D , D , )4 . We will build in it 
exponent representations rom number ∈М (D D , D , )4 . 
Again, the equation (19) can be written down as 
 
MX
dt
dX
=
.           (59) 
We calculate the right side of equation (59). According to the multiplication table for these 
numbers we have: 
 
( )44332211 ememememM +++= , ( )44332211 exexexexX +++=  
 
( )( )
( ) ( )
( ) ( ) 44132231433113
22112111
4433221144332211
      
      
exmxmxmxmexmxm
exmxmexm
exexexexememememMX
++−+++
+++=
=++++++=
.            (60) 
According to (60), equation (59) will have the form: 
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( ) ( )
( ) ( ) 44132231433113
22112111
        exmxmxmxmexmxm
exmxmexm
dt
dX
++−+++
+++=
.            (61) 
From here it is possible to write down the associated system: 
 











++−=
+=
+=
=
41322314
4
3113
3
2112
2
11
1
xmxmxmxm
dt
dx
xmxm
dt
dx
xmxm
dt
dx
xm
dt
dx
           (62) 
For solution of the equation (62) it is necessary to find roots of the characteristic equation 
(24), where 














−
=
1234
13
12
1
00
00
000
mmmm
mm
mm
m
M
, E  – single matrix. 
Taking into account the aforesaid, the characteristic equation will have the form 
 
0
00
00
000
1234
13
12
1
=
−−
−
−
−
λ
λ
λ
λ
mmmm
mm
mm
m
.           (63) 
Having calculated the equation (63), we will receive the following equation: 
 
( ) 041 =− λm .           (64) 
With (64) it is easy to find characteristic values: 
 14321 m,,, =λ .          (65) 
In this case, common solutions are looked for in following form
 
( ) ( ) 4,...,1 ,321 =+++= ktDtCtBAetX kkkktmk            (66) 
We calculate the first derivative: 
( ) ( ) ( )( ) 4,...,1 ,32 3121111 =++++++= ktDmtDCmtCBmBAmedt
tdX
kkkkkkk
tmk
.          (67) 
We will substitute equalities (66) and (67) in the associated system (62) and use a method of 
undefined coefficients. As a result we will receive system of 16 equations with 16 unknowns, 
having solve which we will have such common decisions.: 
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( )
( )









+=
+=








+−+=
=
tCAex
tCAex
tB
m
mB
m
B
m
mA
m
m
ex
B
m
ex
tm
tm
tm
tm
444
333
3
3
2
4
3
32
3
4
3
3
2
2
3
3
1
1
1
1
1
1
1
 
To find the values of arbitrary constants we use equation (20) and we will obtain: 
0
0
0
1
4
3
2
1
=
=
=
=
A
A
A
A
, 
44
33
22
1 0
mB
mB
mB
B
=
=
=
=
, 
0
0
0
0
4
3
2
1
=
=
=
=
C
C
C
C
, 
0
0
0
0
4
3
2
1
=
=
=
=
D
D
D
D
. 
That is, it is possible to write down exponential function of variable from system 
(D D , D , )4 , if to accept ii mtm ≈  
( ) ( )44332211 emememeeMExp m +++=  
Exponent representations for all systems, which were considered are given in table 5. 
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Table 5 
Exponent representations 
№ HNS Exponent representation 
1. H  
 
( ) ( )








++
++
++
+++= 24
2
3
2
22
4
2
3
2
2
443322
1
2
4
2
3
2
2cos
1 mmmsh
mmm
ememem
emmmeMExp m  
 
2. AH  
1) 0222423 <−+ mmm , 0222423 >−+ mmm  
( ) ( )










++−
++−
++
+++−= 24
2
3
2
22
4
2
3
2
2
443322
1
2
4
2
3
2
2
1 mmmsh
mmm
ememem
emmmcheMExp m  
2) 0222423 =−+ mmm  
( ) ( )44332211 emememeeMExp m +++=  
 
3. (D C , D , )4  
 
( ) ( )






+++= 443322
2
2
12
sin
cos1 ememem
m
m
emeMExp m
 
 
4. (D W ,W , )4  
1) 0242322 <−+ mmm , 0242322 >−+ mmm  
( ) ( ) .2423222
4
2
3
2
2
443322
1
2
4
2
3
2
2
1










−+
−+
++
+−+= mmmsh
mmm
ememem
emmmcheMExp m  
2) 0242322 =−+ mmm  
( ) ( )44332211 emememeeMExp m +++=  
 
5. (D D , D , )4  
 
( ) ( )44332211 emememeeMExp m +++=  
 
6. (D W , D , )4  
 
( )






+++= 443322
2
2
12
1)( ememem
m
msh
emcheMExp m
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Conclusions 
In this work by means of non-commutative Grassman-Clifford procedure of doubling of 
systems of second dimension are constructed six various non-commutative HNS of fourth 
dimension. Their arithmetic and algebraic properties that allows to draw a conclusion of  possibility 
of their using for creation of various mathematical models are investigated. 
However, it is necessary to emphasize that we can not assert that these HNS represent 
different classes of isomorphism, some of them can be isomorphic to each other. This question 
requires further researches in this area. 
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